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Free globularily generated double categories: Generators and
relations presentations of lifts of bicategories
Juan Orendain
Abstract: We introduce the free globularily generated double category con-
struction. We prove that the free globularily generated double category as-
sociated to a decorated bicategory canonically describes its globularily gen-
erated internalizations. Our results provide generators and relations presen-
tations of globularily generated internalizations of decorated bicategories.
We expect for our results to provide information on possible combinato-
rial solutions to the problems of existence of a functorial extension of the
Haagerup standard form and the Connes fusion operation in the theory of
von Neumann algebras, to the problem of existence of an internal bicateory
of not-necessarily semisimple coordinate free conformal nets, as well as pos-
sible obstructions to the positive solution to the general problem of existence
of internalizations of abstract decorated bicategories.
Contents
1 Introduction 1
2 Globularily generated double categories 3
3 The free globularily generated double category 8
4 The canonical double projection 28
5 Conclusions 40
1 Introduction
Double categories and 2-categories were introduced by Ehresmann in [11] and
[12]. Bicategories were later introduced by Benabeu in [9]. Double categories
and bicategories relate in different ways. Every double category admits an
underlying bicategory, its horizontal bicategory [28], and every bicategory
can be considered as a double category through several different construc-
tions. Examples of these are the trivial double category construction, the
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Ehresmann double category of quintets construction [8], the double category
of adjoints construction [25] and the double category of spans construction
[24] in the case of single 0-cell bicategories.
We are interested in situations analogous to the ones described above,
only in which a set of initial conditions in the form of a given collection of
vertical morphisms is provided. Precisely, we are interested in the problem of
existence of double categories having a given bicategory as horizontal bicat-
egory and a given category as category of objects. We call this problem the
problem of existence of internalizations for decorated bicategories. Solutions
to this problem are well known in the literature in the case in which the
category of objects provided in the set of initial conditions is the category
of horizontal cells of the given bicategory [8,25]. Our main motivation for
the study of the problem of existence of internalizations of decorated bicate-
gories stems from the work of Bartels, Douglas, and Henriques on the theory
of Hilbert bimodules over von Neumann algebras [4], from their theory of
coordinate free conformal nets [5,6,7], and from the theory of regular and
extended quantum field theories [1,2,21,26]. We are interested in particu-
lar in the problem of existence of a bicategory of not-necessarily semisimple
coordinate free nets, internal to the 2-category of symmetric monoidal cat-
egories and equivalently in the problem of existence of a double category of
not-necessarily semisimple von Neumann algebras with not-necessarily finite
vertical morphisms.
This is the second installment of a series of papers studying the prob-
lem of existence of internalizations of decorated bicategories. In [31] the
concept of globularily generated double category was introduced. Globu-
larily generated double categories are those double categories which appear
as minimal solutions to the problem of existence of internalizations of dec-
orated bicategories. Precisely, every solution to the problem of existence of
internalizations of decorated bicategories canonically contains a globularily
generated solution. Globularily generated double categories possess proper-
ties that general double categories do not e.g. globularily generated double
categories admit vertical and horizontal filtrations, and have vertical rank.
We make use of the ideas behind the vertical and horizontal filtration con-
structions in [31] to associate to every decorated bicategory a globularily
generated double category, its free globularily generated double category.
We prove that the free globularily generated double category associated to
a decorated bicategory describes all its internalizations, when they exist, as
images of canonically defined full double functors. Precisely, we prove that
given a decorated bicategory B the free globularily generated double category
QB has the following property: Given a globularily generated internalization
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C of B there exists a complete double functor piC : QB → C, uniquely de-
termined by a set of properties. We call this double functor the canonical
double projection associated to the internalization C of B. We regard the
pair QB, pi
C as a generators and relations presentation of C. We expect gen-
erators and relations presentations of globularily generated internalizations
to provide information on a possible solution to the problem of existence
of internalizations for the bicategory of von Neumann algebras decorated
by not-necessarily finite von Neumann algebra morphisms. We sketch the
contents of this paper.
In section 1 we recall basic concepts related to the theory of categorical
structures of order 2. We present relevant examples and establish notational
conventions used throughout the rest of the paper. We recall in particular the
notion of globularily generated double category and we present statements
regarding structural results in the theory of globularily generated double
categories. In section 2 we introduce the main construction of this note,
we present the free globularily generated double category construction. We
equip free globularily generated double categories with a filtration reminis-
cent of the vertical filtration. We present examples illustrating the fact that
this filtration and the vertical filtration do not necessarily coincide and that
the free globularily generated double category construction not always pro-
vides an internalization. In section 3 we introduce the canonical projection
double functor. We prove that this double functor is uniquely defined by a
certain set of properties and that its morphism functor is full. We interpret
this by saying that the canonical projection canonically provides every glob-
ularily generated internalization of a decorated bicategory with a generators
and relations presentation.
2 Globularily generated double categories
In this first section we recall definitions and results relative to internalization
and globularily generated double categories.
Horizontalization
Given a bicategory B, we associate to B a double category B whose object
category is given by the discrete category generated by the collection of
0-cells B0 of B, whose collection of horizontal morphisms is given by the
collection B1 of 1-cells of B and whose collection of 2-morphisms is given
by the collection B2 of 2-cells of B. The obvious functors serve as source,
3
target, and identity functors of B. The horizontal composition functor of B
is the functor generated by the horizontal composition operation in B. The
left and right identity transformations and associator in B are given by the
transformations induced by the left and right identity transformations and
associator in B. We call B the trivial double cateogry associated to B.
Now, given a double category C, we associate to C a bicategory HC
whose collections of 0-,1-, and 2-cells are the collection of objects of C, the
collection of horizontal morphisms of C, and the collection of globular mor-
phisms of C respectively. The vertical and horizontal compositions of 2-cells
in HC are provided by the vertical and the horizontal composition of 2-cells
in C respectively. The left and right identity transformations and associator
of HC are induced by the left and the right identity transformations and as-
sociator of C respectively. We call HC the horizontal bicategory, or simply
the horizontalization, of C. Given a bicategory B it is easy to see that the
equation HB = B holds.
Decorated horizontalization
We say that a pair C,B, formed by a category C and a bicategory B, is a
decorated bicategory if the collection of objects of C equals the collection of
0-cells of B. In that case we will call B and C the underlying bicategory
and the decoration of C,B respectively. We will usually denote decorated
bicategories by single scripted letters, we will identify decorated bicategories
with their underlying bicategories, and we will indicate decorations with
asterisks, e.g. if the letter B stands for a decorated bicategory, the letter B
will also denote underlying bicategory of B, and B∗ will denote the decoration
of B. This convention will be used in general statements and proofs, but
it will not be implemeted in certain particular cases. Given a decorated
bicategory B, in analogy with the notation used in the theory of double
categories we will call 0-, 1-, and 2-cells of the underlying 2-category of B,
objects, horizontal morphisms, and globular morphisms of B respectively.
We will call morphisms of the decoration B∗ of B vertical morphisms of B.
Given a double category C, we denote by H∗C pair formed by the hori-
zontalization HC of C, and the category of objects C0 of C. Thus defined,
H∗C is a decorated bicategory. Given a decorated bicategory B we say that
a double category C is a internalization of B if B is equal to the decorated
horizontalization H∗C of C.
Globularily generated double categories
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Let C be a double category. We write γC for the smallest sub-double cat-
egory of C having the same category of objects and the same collection of
horizontal morphisms than C, and containig the collection of globular 2-
morphisms of C. We call γC the globularily generated piece of C. We say
that a double category C is globularily generated if γC equals C. The
globularily generated piece γC of a double category C is thus globularily
generated. The following result was proven in [31].
Lemma 2.1. Let C be a double category. The decorated horizontalization
H∗C of C is equal to the decorated horizontalization H∗γC of the globularily
generated piece γC of C. Moreover, the globularily generated piece γC of C
is minimal with respect to this property.
We interpret this result by saying that globularily generated double cate-
gories are minimal solutions to problems of existence of internalizations of
bicategories. Globularily generated double categories admit pieces of struc-
ture that general double categories do not, e.g. vertical and horizontal filtra-
tions and vertical length. We briefly explain the vertical filtration construc-
tion, which will serve as motivation for the free globularily generated double
category contruction.
The vertical filtration
Let C be a globularily geenrated double category. We write H1 for the union
of the collection of globular 2-morphisms of C and the collection of horizon-
tal identities of vertical morphisms of C. We write V1 for the subcategory
of the category of morphisms C1 of C, generated by H1. Now, given a pos-
itive integer k strictly greater than 1, if we assume Vk−1 has been defined
we associate to Vk−1 a category Vk. First denote by Hk the collection of
all possible horizontal compositions of 2-morphisms in Vk−1. We make, in
that case, Vk to be the subcategory of the category of morphisms C1 of C,
generated by Hk. We thus associate, recursively, to every double category
C, a sequence of subcategories Vk of the category of morphisms C1 of C. We
call, for every k, the category Vk the k-th vertical category associated to C.
We have used, in the above construction, for every k, an auxiliary collection
of 2-morphisms Hk of C. Observe that for each k the collection Hk both
contains the horizontal identity of every vertical morphism in C and is closed
under horizontal composition. If C is strict, then, for every n, the collection
Hk is the collection of morphisms of a category whose collection of objects
is the collection of vertical morphisms of C. In that case we call Hk the k-th
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horizontal category associated to C. By the way the sequence of vertical
categories Vk was constructed it is easily seen that for every k the inclusions
HomVk ⊆ Hk+1 ⊆ HomVk+1
hold. This implies that the k-th vertical category Vk associated to C is a
subcategory of the k+ 1-th vertical category Vk+1 associated to C for every
k. Moreover, in the case in which C is strict, the k-th horizontal category
Hk associated to C is a subcategory of the k + 1-th horizontal category
Hk+1 associated to C for every k. The following lemma [31] says that the
sequence of vertical categories of a globularily generated double category
forms a filtration of its category of morphisms.
Lemma 2.2. Let C be a globularily generated double category. The category
of morphisms C1 of C is equal to the limit lim−→
Vk of the sequence Vk of vertical
categories associated to C.
Given a strict double category C the pair τC formed by the collection of
vertical morphisms of C and the collection of 2-morphisms of C is a category.
The composition operation in τC is the horizontal composition in C. We
call the category τC associated to a strict double category C the transversal
category associated to C.
Corollary 2.3. Let C be a globularily generated double category. If C is a
strict double category, then the transversal category τC associated to C is
equal to the limit lim
−→
Hk, of the sequence of horizontal categories associated
to C.
Given a double category C we call the sequence Vk of vertical categories
associated to C the vertical filtration of C. In the case in which C is strict we
call the sequence of horizontal categories Hk associated to C the horizontal
filtration associated to C. When the vertical or the horizontal filtrations
of different double categories are studied we indicate the double category
of which the corresponding filtrations is being considered with the double
category as superscript, e.g. we write V Ck for the k-th vertical category
of a double category C. The free globularily generated double category
construction in section 3 relies on a replication of the methods present in the
construction of the vertical and horizontal filtrations.
Examples
We now present examples of double categories and decorated bicategories.
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Trivially decorated bicategories: Let B be a bicategory. We write B∗
for the discrete category generated by the collection of 0-cells B0 of B. The
pair B∗, B is a decorated bicategory. We call this decorated bicategory the
trivially decorated bicategory associated to B and we keep denoting it by
B. Observe that the decorated horizontalization H∗B of B is equal to the
trivially decorated bicategory B, that is, the trivial double category B as-
sociated to B is an internalization of B. As defined B is clearly globularily
generated and its vertical filtration is trivial.
Single object decorated bicategories: Let C be a monoidal category.
We denote by 2C the bicategory with a single 0-cell a and whose collections
of 1- and 2-cells are the collection of objects of C and the collection of
morphisms of C respectively. The horizontal composition in 2C is defined
by the tensor product operation of C, the vertical composition in 2C is
defined by composition of morphisms of C, and the identity 1-cell of 0-cell
a is the monoidal unit 1 of C. Let A be a monoid. We denote by mA the
category with single object a and with monoid of endomorphisms in mA
equal to A. We denote by 2CA the pair mA, 2C, formed by the category mA
associated to A, and by the 2-category 2C associated to C. Thus defined
2CA is a decorated bicategory. Every single object decorated bicategory is of
this form. In section 3 we associate a globularily generated double category
Q2CA for every pair mA, 2CA.
Algebras: Let k be a field. We denote by Alg
k
the bicategory whose 0-
,1-, and 2-cells are k-algebras, bimodules over k-algebras, and morphisms
of bimodules respectively. Thus defined Alg
k
admits the structure of a
bicategory, with relative tensor product as horizontal composition and with
the trivial bimodule construction as horizontal identity [19]. LetAlgk denote
the double category whose category of objects is the category of k-algebras
and their morphisms, and whose category of morphisms is the category of
bimodules over k-algebras and equivariant bimodule morphisms. Horizontal
composition functor and horizontal identity functor in Algk are the relative
tensor product functor and the trivial bimodule functor respectively [31].
Thus defined Algk is an internalization of Algk. The globularily generated
piece γAlg of Alg was computed in [31]. This globularily generated double
category properly contains the trivial double category associated to Alg
k
and is properly contained in Algk. A similar computation was made for the
bicategory of semisimple von Neumann algebras [W ∗]f decorated by finite
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morphisms. The pieces of structure defining the internalization of [W ∗]f
provided in [31] were defined in [4] as functorial extensions of the Haagerup
standard form construction and the Connes fusion operation in the cases of
finite morphisms between semisimple von Neumann algebras.
Outlook
In [4] the problem of extending the function associating, to every von Neu-
mann algebra A its Haagerup standard form construction L2A, and the
function associating to every pair of bimodules H,K over von Neumann al-
gebras A,B,C its Connes fusion H⊠BK to functors on the category of not-
necessarily-semisimple von Neumann algebras and not-necessarily-finite von
Neumann algebra morphisms was proposed. This problem can be phrased
by asking whether the bicategory [W ∗] of von Neumann algebras, decorated
by von Neumann algebra morphisms admits an internalization. The work
at present presents a possible strategy for a combinatorial solution to this
problem. By the results presented in [31] a solution to this problem is equiv-
alent to a solution to the problem of existence of a globularily generated
internalization of [W ∗] decorated by general morphisms. Such an internal-
ization would be defined by a canonical projection and thus would have a
generators and relations presentation. Computations of these combinatorial
presentations in the cases of γAlgk and γ[W
∗]f will provide clues on how to
abstractly construct this presentation. Such computations will be presented
in subsequent papers.
3 The free globularily generated double category
In this section we introduce the free globularily generated double category
construction. The free globularily generated double category construction
canonically associates a globularily generated double category to every dec-
orated bicategory. The strategy behind the construction is to emulate the
internal structure defined by the vertical and horizontal filtrations in abstract
globularily generated double categories in order to obtain, from the data of
a decorated bicategory alone, a globularily generated double category. The
construction of the free globularily generated double category is rather in-
volved and we divide it in several steps. We begin with a few preliminary
definitions and results.
Preliminaries: Evaluations
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Let X and Y be sets. Let s, t : X → Y be functions from X to Y . Let
x1, ..., xn be a sequence of elements of X. We will say that x1, ..., xk is
compatible with respect to functions s and t if the equation txi+1 = sxi holds
for every positive integer i less than or equal to k−1. Equivalently, x1, ..., xk
is compatible with respect to s and t if x1, ..., xn is a composable sequence of
morphisms in the free category generated by X with s and t as domain and
codomain functions respectively. In this case, given a compatible sequence
x1, ..., xk of elements of X, with respect to functions s and t, we call any
way of writing the word xk...x1 following an admissible parenthesis pattern,
an evaluation of x1, ..., xk. Equivalently, the evaluations of a compatible
sequence x1, ..., xk are different ways of writing the word xk...x1 composing
elements of x1, ..., xk two by two in the free category generated by X, with
functions s and t as domain and codomain functions. For example, (yx) is the
only evaluation of the 2 term compatible sequence x, y and (x(yz)), ((xy)z)
are the two evaluations of the compatible 3 term sequence x, y, z. We will
write Xs,t for the collection of evaluations of finite sequences of elements of
X, compatible with respect to functions s and t.
Given functions s, t : X → Y from X to Y , we write s˜ and t˜ for the
functions s˜, t˜ : Xs,t → Y defined as follows: Given an evaluation Φ of a
sequence x1, ..., xk of elements of X, compatible with respect to s and t, we
make s˜Φ and t˜Φ to be equal to sx1 and txk respectively. Observe that the
values s˜Φ and t˜Φ do not depend on the particular evaluation Φ of x1, ..., xk.
Given a pair of sequences x1, ..., xk and xk+1, ..., xn of elements of X,
compatible with respect to s and t, such that the 2 term sequence xk, xk+1
is compatible with respect to s and t, and given evaluations Φ and Ψ of
sequences x1, ..., xk and xk+1, ..., xn respectively, the equation t˜Φ = s˜Ψ is
satisfied and the concatenation of Ψ and Φ defines an evaluation of the
compatible sequence x1, ..., xk, xk+1, ..., xn. We denote the concatenation of
evaluations Φ and Ψ satisfying the conditions above by Ψ ∗s,t Φ. These
operations define a function from Xs,t ×Y Xs,t to Xs,t where the fibration
in Xs,t ×Y Xs,t is taken with respect to the pair s˜, t˜. We write ∗s,t for this
function.
Now, given sets X,X ′, Y , and Y ′, and functions s, t : X → Y from X
to Y and s′, t′ : X ′ → Y ′ from X ′ to Y ′, we say that a pair of functions
ϕ : X → X ′ and φ : Y → Y ′ is compatible if the following two squares
commute
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X X ′ X X ′
Y Y ′ Y Y ′
ϕ
s
φ
t
ϕ
s t
φ
Given sets X,X ′, Y , and Y ′, functions s, t : X → Y and s′, t′ : X ′ → Y ′,
and a compatible pair of functions ϕ : X → X ′ and φ : Y → Y ′, if x1, ..., xk
is a sequence of elements of X, compatible with respect to s and t, then
in that case sequence ϕx1, ..., ϕxk is compatible with respect to s
′ and t′.
Moreover, given an evaluation Φ of a compatible sequence x1, ..., xk, the
same parenthesis pattern defining the evaluation Φ defines an evaluation of
the compatible sequence ϕx1, ..., ϕxk. We write µϕ,φΦ for this evaluation.
We write µϕ,φ for the function from Xs,t to X
′
s′,t′ associating the evaluation
µϕ,φΦ to every evaluation Φ in Xs,t. The proof of the following lemma is
straightforward.
Lemma 3.1. Let X,X ′, Y , and Y ′ be sets. Let s, t : X → Y and s′, t′ :
X ′ → Y ′ be functions. Let ϕ : X → X ′ and φ : Y → Y ′ be functions such
that the pair ϕ, φ is compatible. In that case the function µϕ,φ associated to
the pair ϕ, φ satisfies the following conditions
1. The following two squares commute
Xs,t X
′
s′,t′ Xs,t X
′
s′,t′
Y Y ′ Y Y ′
µϕ,φ
s˜
φ
t˜
µϕ,φ
s˜ t˜
φ
2. The following square commutes
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Xs,t ×Y Xs,t X
′
s′,t′ ×Y X
′
s′,t′
Xs,t X
′
s′,t′
µϕ,φ ×φ µϕ,φ
∗s,t
µϕ,φ
∗s′,t′
Preliminaries: Notational conventions
Given a vertical morphism α in a decorated bicategory B, we will write iα for
the singleton {α}. We call iα the formal horizontal identity of the vertical
morphism α. We will write G for the union of the collection of globular
morphisms in B and the collection of formal horizontal identities iα with α
running over the collection of all vertical morphisms of B. We will further
adopt the following notational conventions.
1. Let Φ be a globular morphism in B. We denote by d0Φ and c0Φ the
domain and codomain of Φ in B respectively. Let α be a vertical
morphism in B. Let a and b be the domain and the codomain, in
the decoration B∗ of α. In that case we write d0iα and c0iα for the
horizontal identities ida and idb of a and b in B respectively. We write
d0 and c0 for the functions from G to B1 associating d0Φ and c0Φ to
every element Φ of G.
2. Let Φ be a globular morphism in B. We denote by s0Φ and t0Φ the
source and target of Φ in B. We extend the definition of source and
target of globular morphisms in B to formal horizontal identities of
vertical morphisms in B as follows. Let α be a vertical morphism in B.
In that case we make both s0iα and t0iα to be equal to α. We write
s0 and t0 for the functions from G to collection of vertical morphisms
of B associating s0Φ and t0Φ to every element Φ of G.
Functions d0, c0, s0, and t0 defined above are easily seen to be related by the
following conditions
1. The following two triangles commute
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G B1 G B1
B0 B0
d0
s0 d
d0
tt0
2. The following two squares commute
G B1 G B1
B0 B0
t0
s0 d
t0
tt0
Given a decorated bicategory B, we denote by p the function from the col-
lection of evaluations B1d,c of B1, with respect to the pair formed by domain
and codomain functions d, c in the bicategory underlying B, to the collection
of horizontal morphisms B1 of B such that for every composable sequence
f1, ..., fk of horizontal morphisms in B and for every evaluation Φ of f1, ..., fk,
the image pΦ of Φ under p is equal to the horizontal composition of sequence
f1, ..., fk in B following the parenthesis pattern defining Φ. We call p the pro-
jection associated to the collection of horizontal morphisms B1 of B.
The main construction: Inductive step
Given a decorated bicategory B we will write E1 for the collection of evalu-
ations Gs0,t0 of G defined above, with respect to the pair of functions s0, t0.
We denote by s1 and t1 the functions s˜0 and t˜0 defined by s0 and t0. Thus
defined s1 and t1 are functions from E1 to HomB∗ . We write ∗1 for the
operation ∗s1,t1 on E1. Finally, we write d1 for the composition pµd0,id of
the function µd0,id associated to d0, id and projection p associated to B1,
and we write c1 for the composition pµc0,id of the function µc0,id associated
to the pair c0, id and projection p associated to B1. Thus defined d1 and
c1 are functions from E1 to the collection of horizontal morphisms B1 of B.
The following theorem is the first step towards the free globularily generated
double category construction.
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Theorem 3.2. Let B be a decorated bicategory. There exists a pair of se-
quences of triples Ek, dk, ck and Fk, sk+1, tk+1 with k running through the
collection of positive integers, such that for each positive integer k, Ek is a
set containing E1, dk, ck are functions from Ek to B1 extending the functions
d1 and c1 defined above respectively, Fk is a category having B1 as collection
of objects, and sk+1, tk+1 are functors from Fk to B
∗. Moreover, the pair of
sequences Ek, dk, ck and Fk, sk+1, tk+1 satisfies the following conditions
1. For every positive integer k the collection of morphisms HomFk of Fk
is contained in Ek+1. Moreover, Ek+1 is equal to the set of evaluations
HomFksk+1,tk+1 of the set HomFk of morphisms of Fk with respect to
the pair formed by morphism functions of functors sk+1 and tk+1.
2. For every positive integer k set Ek is contained in the collection of mor-
phisms HomFk of category Fk. Moreover, Fk is equal to the free cate-
gory generated by Ek with functions dk and ck as domain and codomain
functions respectively. The restriction of the morphism functions of
functors sk+1 and tk+1 to E1 are equal to functions s1 and t1 defined
above.
3. For every positive integer k the following four triangles commute
Ek B1 Ek B1
B0 B0
dk, ck
sk+1 dom
dk, ck
codomtk+1
Conditions 1-3 above determine the pair of sequences of triples Ek, dk, ck and
Fk, sk+1, tk+1
Proof. Let B be a decorated bicategory. We wish to construct a pair of
sequences of triples Ek, dk, ck and Fk, sk+1, tk+1 with k running through the
collection of all positive integers, such that for each positive integer k, Ek
is a set extending to the set E1 associated to B, such that dk and ck are
functions from Ek to the collection B1 of horizontal morphisms of B extending
functions d1 and c1, such that Fk is a category having B1 as set of objects
and sk+1, tk+1 are functors from Fk to B
∗. Moreover, we wish to define the
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pair of sequences Ek, dk, ck and Fk, sk+1, tk+1 in such a way that conditions
1-3 above are satisfied.
We proceed by induction on k. We begin by defining the triple F1, s2, t2.
We make F1 to be the free category generated by E1 with respect to functions
d1, c1. Functions s1 and t1 are compatible with functions d1 and c1 and thus
admit a unique extension to functors from F1 to the decoration B
∗ of B.
We make s2 and t2 the corresponding functorial extensions of s1 and t1
respectively. We write •1 for the composition operation in F1.
Let now k be a positive integer strictly greater than 1. Assume we
have extended the definition of the triple E1, d1, c1 and the definition of the
triple F1, s2, t2 of the previous paragraph, to a sequence of pairs of triples
Em, dm, cm and Fm, sm+1, tm+1 with m running through the collection of
positive integers strictly less than k, where EBm is assumed to be a set con-
taining E1, dm and cm are assumed to be functions from Em to the collection
of horizontal morphisms B1 of B extending the functions d1 and c1 respec-
tively, Fm is assumed to be a category containing F1 as subcategory, and
sm+1 and tm+1 are assumed to be functors from Fm to the decoration B
∗ of
B extending functors s2 and t2 respectively. Moreover, we assume that the
pair of sequences of triples Em, dm, cm and Fm, sm+1, tm+1 satisfies condi-
tions 1-3 above.
We now wish to extend the definition of the pair of sequences of triples
EBm, dm, cm and F
B
m, sm+1, tm+1 to the definition of a pair of triples E
B
k , dk, ck
and FBk , sk+1, tk+1 satisfying the conditions of the theorem. We begin with
the definition of the triple Ek, dk, ck. We make Ek to be the collection
of evaluations HomFk−1sk,tk of the collection of morphisms HomFk−1 of the
category Fk−1 with respect to the pair formed by the morphism functions of
functors sk and tk. We write sk+1 and tk+1 for the extensions s˜k and t˜k, to
the collection Ek, of morphism functions of sk and tk. We denote by ∗k the
concatenation operation ∗sk+1,tk+1 in Ek, with respect to extensions sk+1 and
tk+1. We now make the function dk to be the composition pµdk−1,id of the
function associated to the pair formed by the domain function dk−1 in Fk−1
and the identity function in the collection of horizontal morphisms B1 of B
and the projection p associated to the collection of horizontal morphisms B1
of B. We make function ck to be the composition pµck−1,id of the function
associated to the pair formed by the codomain function in Fk−1 and the
identity function in the collection of horizontal morphisms B1 of B, and the
projection p associated to the collection of horizontal morphisms B1 of B.
Functions dk and ck are well defined. Thus defined dk and ck are functions
from Ek to tje collection of horizontal morphisms B1 of B satisfying condition
3 of the theorem by lemma 3.1. We now define the triple Fk, sk+1, tk+1. We
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make the category Fk to be the free category generated by the collection Ek
defined above, with functions dk and ck as domain and codomain functions
respectively. The collection of objects of Fk is thus the collection of horizontal
morphisms B1 of B. We write •k for the composition operation in Fk. By
the fact that the functions dk, ck, sk and tk satisfy condition 3 of the theorem
it follows that the pairs formed by functions sk and tk together with domain
and codomain functions defined on the collection of horizontal morphisms of
B admit unique extensions to functors from the category Fk to the decoration
B1 of B. We make sk+1 and tk+1 to be these functors. Thus defined the triple
Fk, sk+1, tk+1 satisfies the conditions of the theorem.
It is obvious that conditions 1-3 of the theorem determine the pair of
sequences Ek, dk, ck and Fk, sk+1, tk+1. This concludes the proof. 
Observation 3.3. Let B be a decorated bicategory. Let m,k be positive
integers such that m is less than or equal to k. In that case, as defined above,
Em is contained in Ek, functions dm and cm are equal to the restrictions to
Ek of dk and ck respectively, and the concatenation operation ∗m is equal
to the restriction to Em of ∗k. Moreover, Fm is a subcategory of Fk and
the functors sm+1, tm+1 are equal to the restrictions to Fm of sk+1 and tk+1
respectively.
Observation 3.4. Let B be a decorated bicategory. Let k be a positive
integer. The following two squares commute where qk1 and q
k
2 denote the left
and the right projections of Ek ×HomB∗
Ek onto Ek respectively.
Ek ×HomB∗
Ek Ek Ek ×HomB∗
Ek Ek
Ek HomB∗ Ek HomB∗
∗k
qk
1
sk
sk
∗k
tkqk2
sk
The main construction: Taking limits
As the next step in the free globularily generated double category construc-
tion we apply a limiting procedure to the pieces of structure obtained in
Theorem 3.2. We define an equivalence relation R∞ such that after taking
15
quotients modulo R∞ we will obtain the necessary relations defining a double
category. We keep the notation from Theorem 3.2.
Definition 3.5. Let B be a decorated bicategory. In that case we write
E∞ for the union
⋃
∞
k=1Ek of the sequence of sets Ek associated to B. We
write d∞ and c∞ for the limits in the category of sets of sequences dk and
ck respectively. Thus defined d∞ and c∞ are functions from E∞ to B1. We
denote by ∗∞ the limit lim−→
∗k of the sequence of operations ∗k. Thus defined
∗∞ is a function from E∞×B∗E∞ to E∞. We write F∞ for the limit lim−→
Fk in
the 2-category of categories of the sequence of categories Fk. The collection
of objects of category F∞ is thus the collection of horizontal morphisms B1
of B, and the collection of morphisms of F∞ is E∞. Domain and codomain
functions of F∞ are equal to d∞ and c∞. We write s∞, t∞ for the limits
of sequences sk, tk. Thus defined s∞ and t∞ are functors from F∞ to the
decoration B∗ of B. Finally, we write •∞ for the composition operation of
F∞. Thus defined •∞ is the limit lim−→
•k of the sequence of composition
operations •k defining categories Fk.
Definition 3.6. Let B be a decorated bicategory. We write R∞ for the
equivalence relation generated by the following relations defined on E∞.
1. Let Φi,Ψi, i = 1, 2 be morphisms in F∞ such that the pairs Φ1,Φ2 and
Ψ1,Ψ2 are compatible with respect to the pair s∞, t∞ and such that
the pairs Φi,Ψi, i = 1, 2 are both compatible with respect to the pair
d∞, c∞. In that case we identify compositions:
(Ψ2 ∗∞ Ψ1) •∞ (Φ2 ∗∞ Φ1) and (Ψ2 •∞ Φ2) ∗∞ (Ψ1 •∞ Φ1)
2. Let Φ and Ψ be globular 2-morphisms of B such that the pair Φ,Ψ is
compatible with respect to the pair s∞, t∞. In that case we identify
the composition Ψ •∞ Φ of Φ and Ψ with the vertical compostion ΨΦ
of Φ and Ψ in B. Moreover, if α and β are vertical morphisms in B
such that the pair α, β is composable in the decoration B∗ of B, then,
in that case, we identify the composition iβ •∞ iα of the horizontal
identities iα and iβ with the horizontal identity iβα of βα.
3. Let Φ and Ψ be globular 2-morphisms of B such that the pair Φ,Ψ is
compatible with respect to functors s∞, t∞. In that case we identify
the composition Ψ ∗∞ Φ with the horizontal composition ΨΦ of Φ and
Ψ.
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4. Let Φ be a morphism in F∞. We identify Φ with the compositions
λc∞Φ •∞ (Φ ∗∞ it∞Φ) •∞ λ
−1
d∞Φ
and ρc∞Φ •∞ (is∞Φ ∗∞ Φ) •∞ ρ
−1
d∞Φ
where λ and ρ denote the left and right identity transformations of the
bicategory underlying B.
5. Let Φ,Ψ,Θ be elements of E∞ such that the triple Φ,Ψ,Θ is compat-
ible with respect to the pair s∞, t∞. In that case we identify composi-
tions
Ac∞Φ,c∞Ψ,c∞Θ•∞ [Θ∗∞(Ψ∗∞Φ)] and [(Θ∗∞Ψ)∗∞Φ]•∞Ad∞Φ,d∞Ψ,d∞Θ
where A denotes the associator of the bicategory underlying B.
Lemma 3.7. Let B be a decorated bicategory. In that case the equivalence
relation R∞ is compatible with domain, codomain, and composition operation
functions d∞, c∞, and •∞ defining the category structure on F∞ associated
to B.
Proof. Let B be a decorated bicategory. We wish to prove that the equiv-
alence relation R∞ is compatible with domain, codomain, and composition
operation functions d∞, c∞, and •∞ defining the category structure on F∞.
Let Φi,Ψi, i = 1, 2 be morphisms in F∞ such that the pairs Φ1,Φ2 and
Ψ1,Ψ2 are compatible with respect to source and target functors s∞, t∞ of
F∞ and such that the pairs Φi,Ψi, i = 1, 2 are compatible with respect to
domain and codomain functions d∞, c∞. In that case the domain
d∞(Ψ1 ∗∞ Ψ1) •∞ (Φ2 ∗∞ Φ1)
of (Ψ1∗∞Ψ1)•∞(Φ2∗∞Φ1) is equal to the domain d∞(Φ2∗∞Φ1) of (Φ2∗∞Φ1)
which in turn is equal to the composition d∞Φ2d∞Φ1 of the domains d∞Φ1
and d∞Φ2 of Φ1 and Ψ1. Now, the domain
d∞(Ψ2 •∞ Φ2) ∗∞ (Ψ1 •∞ Φ1)
of the composition (Ψ1 •∞ Φ1) ∗∞ (Ψ2 •∞ Φ2) is equal to the composition
d∞(Ψ2 •∞ Φ2)d∞(Ψ1 •∞ Φ1)
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of the domain d∞(Ψ1 •∞ Φ1) of the composition Ψ1 •∞ Φ1 and the domain
d∞(Ψ2 •∞ Φ2) of the composition Ψ2 •∞ Φ2. The domain d∞(Ψ1 •∞ Φ1)
of the composition Ψ1 •∞ Φ1 is equal to the domain d∞Φ1 of Φ1 and the
domain d∞(Ψ2 •∞ Φ2) of the composition Ψ2 •∞ Φ2 is equal to the domain
d∞Φ2 of Φ2. Thus the domain
d∞(Ψ2 •∞ Φ2) ∗∞ (Ψ1 •∞ Φ1)
of the composition (Ψ2 •∞ Φ2) ∗∞ (Ψ1 •∞ Φ1) is equal to the composition
d∞d∞Φ2d∞Φ1 of the domain d∞Φ1 of Φ1 and the domain d∞Φ2 of Φ2. We
conclude that equivalence relation 1 in the definition of R∞ is compatible
with respect to the domain function d∞ of F∞. A similar computation
proves that relation 1 in the definition of R∞ is compatible with respect to
the codomain function c∞ of F∞.
Let now Φ,Ψ be elements of G. suppose pair Φ,Ψ is compatible with
respect to the domain and codomain functions d∞ and c∞ of F∞. In that
case the domain and codomain d∞Ψ •∞ Φ and Ψ •∞ Φ of the composition
Ψ •∞ Φ are equal to the domain d∞Φ of Φ and the codomain c∞Ψ of Ψ
respectively. The domain and codomain d∞ΨΦ and c∞ΨΦ of the vertical
composition ΨΦ of Φ and Ψ is equal to the domain d∞Φ of Φ and the
codomain c∞Ψ of Ψ. We conclude that relation 2 in the definition of R∞ is
compatible with the domain and codomain functions d∞ and c∞ of F∞.
Let Φ and Ψ be globular morphisms in B. Suppose that pair Φ,Ψ is
compatible with respect to the morphism functions of functors s∞ and t∞.
In that case the domain d∞Ψ ∗∞ Φ and the codomain c∞Ψ ∗∞ Φ of the
horizontal composition Ψ ∗∞ Φ of Φ and Ψ are equal to the compositions,
in B, d∞Ψd∞Φ and c∞Ψd∞Φ respectively. Now, the domain d∞Ψ ∗ Φ and
the codomain c∞Ψ ∗ Φ of the horizontal composition, in B, of Φ and Ψ is
equal to the compositions d∞Φd∞Ψ and c∞Φc∞Ψ respectively. This proves
that relation 3 in the definition of R∞ is compatible with the domain and
codomain functions d∞ and c∞ of F∞.
Let now Φ be a general morphism in F∞. In that case the domain
d∞λc∞Φ •∞ (Φ ∗∞ it∞Φ) •∞ λ
−1
d∞Φ
of the composition λc∞Φ •∞ (Φ ∗∞ it∞Φ) •∞ λ
−1
d∞Φ
is equal to the domain
d∞λ
−1
d∞Φ
of λ−1d∞Φ, which is equal to the domain d∞Φ of Φ. Similarly the
domain
d∞ρc∞Φ •∞ (is∞Φ ∗∞ Φ) •∞ ρ
−1
d∞Φ
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of the composition ρc∞Φ •∞ (is∞Φ ∗∞ Φ) •∞ ρ
−1
d∞Φ
is equal to the domain
d∞ρ
−1
d∞Φ
of ρ−1d∞Φ, which is equal to the domain d∞Φ of Φ. We conclude,
from this that relation 4 in the definition of R∞ is compatible with the
domain function d∞ of F∞. An analogous computation proves that relation
4 in the definition of R∞ is compatible with the codomain function c∞ of
F∞.
Let Φ,Ψ,Θ be general morphisms in F∞. Suppose that the triple Φ,Ψ,Θ
is compatible with respect to the morphism functions of s∞ and t∞. In that
case the domain
d∞Ac∞Φ,c∞Ψ,c∞Θ •∞ [Θ ∗∞ (Ψ ∗∞ Φ)]
is equal to the composition Ac∞Φ,c∞Ψ,c∞Θ •∞ [Θ ∗∞ (Ψ ∗∞ Φ)] is equal to
domain d∞Θ ∗∞ (Ψ ∗∞ Φ) of the composition Θ ∗∞ (Ψ ∗∞ Φ) which in turn
is equal to the composition d∞Θd∞Ψd∞Φ in B. Now, the domain
d∞[(Θ ∗∞ Ψ) ∗∞ Φ] •∞ Ad∞Φ,d∞Ψ,d∞Θ
is equal to the domain d∞Ad∞Φ,d∞Ψ,d∞Θ of the associator Ad∞Φ,d∞Ψ,d∞Θ
associated to the triple Φ,Ψ,Θ, which is, by definition, equal to the compo-
sition d∞Θd∞Ψd∞Φ in B. We conclude that relation 5 in the definition of
R∞ is compatible with the domain function d∞ of F∞. An analogous com-
putation proves that relation 5 in the definition of R∞ is compatible with
the codomain function c∞ of F∞.
Finally, the fact that equivalence relation R∞ is compatible with respect
to composition function •∞ on F∞ follows from the fact that F∞ is the limit
of a sequence of free categories. 
The main construction: Dividing by R∞
As the next step of the free globularily generated double category construc-
tion we divide the category F∞ defined in definition 3.5 by the equivalence
relation R∞ and we prove that the structure thus obtained is compatible
with the rest of the pieces of structure in Theorem 3.2.
Definition 3.8. Let B be a decorated bicategory. We write V∞ for the quo-
tient F∞/R∞. We keep writing d∞, c∞, and •∞ for the domain, codomain,
and composition operation functions in V∞ respectively. We write H∞ for
the collection of morphisms of V∞. Thus defined H∞ is equal to the quotient
E∞/R∞ of the collection of morphisms E∞ of F∞ modulo R∞.
19
Lemma 3.9. Let B be a decorated bicategory. In that case the source and
target functors s∞ and t∞, and the horizontal composition functor ∗∞ are
all compatible with the equivalence relation R∞.
Proof. Let B be a decorated bicategory. We wish to prove that in that
the source and target functors s∞ and t∞, and the horizontal composition
functor ∗∞ defined on F∞ associated to B are compatible with R∞.
Let first Φi,Ψi, i = 1, 2 be morphisms in F∞ such that the pairs Φi,Ψi,
i = 1, 2 are compatible with respect to the domain and codomain functions
d∞ and c∞ in F∞ and such that the pairs Φ1,Φ2 and Ψ1,Ψ1 are compatible
with respect to the source and target functors s∞, t∞ in F∞. In that case
the source
s∞(Ψ2 ∗∞ Ψ1) •∞ (Φ2 ∗∞ Φ1)
of composition (Ψ2 ∗∞ Ψ1) •∞ (Φ2 ∗∞ Φ1) is equal to the composition
s∞(Ψ2 ∗∞ Ψ1)s∞(Φ2 ∗∞ Φ1)
in the decoration B∗ of B of the vertical morphisms s∞(Φ2 ∗∞ Φ1) and
s∞(Ψ2 ∗∞ Ψ1). The source s∞(Φ2 ∗∞ Φ1) of the concatenation Φ2 ∗∞ Φ1
is equal to the source s∞Φ1 of Φ1 and the source s∞(Ψ2 ∗∞ Ψ1) of the
concatenation Ψ2 ∗∞ Ψ1 is equal to the source s∞Ψ2. The source
s∞(Ψ2 ∗∞ Ψ1) •∞ (Φ2 ∗∞ Φ1)
of composition (Ψ2 ∗∞ Ψ1) •∞ (Φ2 ∗∞ Φ1) is thus equal to the composition
s∞Ψ1s∞Φ1 in B
∗. Now the source
s∞(Ψ2 •∞ Φ2) ∗∞ (Ψ1 •∞ Φ1)
of the concatenation (Ψ2•∞Φ2)∗∞(Ψ1•∞Φ1) is equal to the source s∞(Ψ1•∞
Φ1) of composition Ψ1 •∞Φ1. Now, the source s∞(Ψ1 •∞Φ1) is equal to the
composition s∞Ψ1s∞Φ1 of the source s∞Φ1 and s∞Ψ1 in B
∗. This proves
that the source functor s∞ is compatible with respect to relation 1 in the
definition of R∞. An analogous argument proves that the target functor t∞
in F∞ is compatible with respect to relation 1 in the definition of R∞.
Let now Φ and Ψ be morphisms inG such that the pair Φ,Ψ is compatible
with respect to the domain and codomain functions d∞ and c∞ in F∞.
Suppose first that Φ and Ψ are globular morphisms in B such that the
domain in B of the domain and codomain of Φ and Ψ in B respectively
are equal to the object a in B. In that case the source s∞Ψ •∞ Φ of the
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composition Ψ •∞ Φ is equal to the composition s∞Ψs∞Φ of s∞Φ and s∞Φ
in B∗. Now the source s∞Ψ of Φ and the source s∞Ψ of Ψ are both equal
to the identity endomorphism ida of the object a in the decoration B
∗ of B.
Now the domain in B of the vertical composition Ψ • Φ in B is equal to the
domain of Φ in B and thus the domain of the domain in B of the vertical
composition Ψ • Φ of Φ and Ψ is equal to the object a of B. It follows,
from this, that the source s∞Ψ • Φ of the globular morphism in B formed
as the vertical composition Ψ • Φ of Φ and Ψ in B is equal to the identity
endomorphism ida of the object a in B. The source functor s∞ in F∞ is thus
compatible with the restriction to the collection of globular morphisms of B
of relation 2 in the definition of R∞. Suppose now that the morphisms Φ
and Ψ are formal horizontal identities iα and iβ respectively, of a composable
pair of vertical morphisms α, β in B. In this case the source s∞iβ •∞ iα of
the vertical composition iβ •∞ iα of iα and iβ is equal to the composition
s∞iβs∞iα of s∞iα and iβ in B
∗. The source s∞iα is equal to the morphism α
and the source s∞iβ of iβ is equal to the morphism β. We conclude that the
source s∞iβ •∞ iα of the composition iβ •∞ iα is equal to the composition βα
of α and β in B∗. Finally, the source s∞iβα of the formal horizontal identity
iβα of the composition βα is equal to the composition βα. This proves that
the source functor s∞ is compatible with the restriction to the collection of
formal horizontal identities of relation 2 in the definition of R∞. We conclude
that the source functor s∞ is compatible with respect to relation 2 in the
definition of R∞. An analogous argument proves that the target functor t∞
in F∞ is compatible with respect to relation 2 in the definition of R∞.
Let now Φ and Ψ be globular morphisms in B such that the pair Φ,Ψ is
compatible with respect to the source and the target functors s∞, t∞ in F∞.
The source s∞Ψ ∗∞ Φ of the concatenation Ψ ∗∞ Φ of Φ and Ψ is equal to
the source s∞Φ which is equal to the identity endomorphism in B
∗ of the
domain of the domain in B of Φ. Now, the source s∞Ψ ∗ Φ of the globular
morphism in B formed as the horizontal composition Ψ ∗ Φ in B of Φ and
Ψ is equal to the identity endomorphism in B∗ of the domain of the domain
in B of the composition Ψ ∗Φ. The domain of the domain of the horizontal
composition Φ ∗ Φ is equal to the domain of the domain of Φ. We conclude
that the source s∞Ψ ∗Φ of the horizontal composition Ψ ∗Φ is equal to the
identity endomorphism in B∗ of the domain of the domain in B of Φ. The
source functor s∞ in B is thus compatible with relation 3 in the definition
of R∞. An identical argument proves that the target functor t∞ in F∞ is
compatible with relation 3 in the definition of R∞.
Let now Φ be a general morphism in F∞. In that case the source
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s∞λc∞Φ •∞ (Φ ∗∞ it∞Φ) •∞ λ
−1
d∞Φ
of the composition λc∞Φ •∞ (Φ∗∞ it∞Φ)•∞ λ
−1
d∞Φ
is equal to the composition
s∞λc∞Φs∞(Φ ∗∞ it∞Φ)s∞λ
−1
d∞Φ
in B∗ of s∞λc∞Φ, s∞(Φ ∗∞ it∞Φ), and s∞λ
−1
d∞Φ
. Now, since λc∞Φ and λd∞Φ
are globular, the composition
s∞λc∞Φs∞(Φ ∗∞ it∞Φ)s∞λ
−1
d∞Φ
is equal to the source s∞Φ∗∞ it∞Φ of Φ∗∞ it∞Φ, which is equal to the source
s∞Φ of Φ. We conclude that the source functor s∞ on F∞ is compatible
with relation 3 in the definition of R∞. An analogous argument proves that
the target functor t∞ is compatible with relation 4 in the definition of R∞.
Further, an analogous argument proves that the source and target functors
s∞ and t∞ in F∞ are compatible with relation 5 in the definition of R∞. 
The main construction: Observations on lemma 3.7
Before presenting the definition of the free globularily generated double cat-
egory we present a few preliminary observations on lemma 3.7.
Observation 3.10. Let B be a decorated bicategory. By lemma 3.9 the
functors s∞ and t∞ descend to functors from V∞ to B
∗. We keep denoting
these functors by s∞ and t∞. Moreover, the composition operation function
∗∞ descends to a function fromH∞×HomB∗
H∞ toH∞ such that, by relation
1 in the definition of R∞, together with the composition operation function
for horizontal morphisms in B forms a functor from V∞ ×B∗ V∞ to V∞. We
denote this functor by ∗∞.
Observation 3.11. Let B be a decorated bicategory. Let k be a positive
integer. In that case the relation R∞ restricts to an equivalence relation in
Ek. We denote by Hk the quotient Ek/R∞ of Ek modulo R∞. Moreover, R∞
restricts to an equivalence relation on the collection of morphisms HomFk of
Fk. The relation R∞ is compatible with the domain and codomain functions
dk and ck of Fk and is thus compatible with the category structure of Fk.
We denote by Vk the quotient Fk/R∞ of Fk modulo R∞ and keep denoting
by dk, ck, and •k the domain, the codomain, and the composition operation
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functions in Vk. The functors sk+1 and tk+1 are compatible with R∞ and thus
induce functors from Vk to the decoration B
∗ of B. We keep denoting these
functors by sk+1 and tk+1 respectively. Finally, observe that the function
∗k is compatible with R∞ and thus defines a function from the set of all
morphisms of Vk×B∗Vk to the set of morphisms of Vk. This function, together
with the composition operation function for horizontal morphisms in B forms
a functor from Vk ×B∗ Vk to Vk. We keep denoting this functor by ∗k.
Observation 3.12. Let B be a decorated bicategory. Let m,k be positive
integers such that m is less than or equal to k. In that case Hm is contained
in Hk, the category Vm is a subcategory of the category Vk, the functors
sm+1 and tm+1 are restrictions to Vm of functors sk+1 and tk+1, and the
functor ∗m is the restriction to Vm ×B∗ Vm of the functor ∗k. Moreover, the
category V∞ is equal to the limit lim−→
Vk of the sequence Vk, the collection
of morphisms H∞ of V∞ is equal to the union
⋃
∞
k=1Hk of the sequence Hk,
and the functors s∞, t∞ and ∗∞ are the limits of the sequences of functors
sk, tk and ∗k respectively.
Notation 3.13. Let B be a decorated bicategory. The pair formed by the
function associating the horizontal identity ida to every object a of B and
the function associating the formal horizontal identity iα to every vertical
morphism α in B defines a functor from the decoration B∗ of B to the category
V∞ associated to B. We denote this functor by i∞. For every positive integer
k we denote the codomain restriction to the category Vk of the functor i∞ by
ik. Thus defined, ik is a functor from the decoration B
∗ of B to the category
Vk associated to B for every positive integer k.
Lemma 3.14. Let B be a decorated bicategory. Let k be a positive inte-
ger. In that case the functors sk+1, tk+1, ik, and ∗k satisfy the following two
conditions
1. The following two triangles commute
B∗ Vk B
∗ Vk
B∗ B∗
ik
idVk sk+1
ik
tk+1idVk
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2. The following two squares commute, where qk1 ,
k
2 denote the left and
right projection functors from Vk ×B∗ Vk to Vk respectively.
Vk ×B∗ Vk Vk Vk ×B∗ Vk Vk
Vk B
∗ Vk B
∗
∗k
qk
1
sk+1
sk+1
∗k
tk+1qk2
sk+1
Proof. Let B be a decorated bicategory. Let k be a positive integer. We
wish to prove that conditions 1 and 2 above are satisfied.
We begin by proving that the functors sk+1, tk+1, and ik satisfy condition
1 above. Let α be a vertical morphism in B. The formal horizontal identity
iα associated to α, that is, the image ikα of α under the functor ik, is a mor-
phism in V1. From this and from the fact that the sequences sk+1 and tk+1
satisfy the conditions of proposition 3.2 it follows that the commutativity of
triangles in 1 is equivalent to the commutativity of the following triangles:
B∗ V1 B
∗ V1
B∗ B∗
i1
idV1 s2
i1
t2idV1
which follows directly from the definition of the functions d1 and c1. We now
prove that the functors sk+1, tk+1, and ∗k satisfy condition 2 above. The
commutativity of squares in 2 when evaluated on morphisms of Hk×HomB∗
Hk follows from observation 3.4. The general commutativity of the squares
in condition 2 follows from this and from the fact that all adges involved are
functors. This concludes the proof of the lemma. 
The following corollary follows directly from the previous lemma by taking
limits.
Corollary 3.15. Let B be a decorated bicategory. In that case the functors
s∞, t∞, i, and ∗∞ satisfy the following two conditions.
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1. The following two triangles commute:
B∗ V∞ B
∗ V∞
B∗ B∗
i
idV∞ s∞
i
t∞idV∞
2. The following two squares commute, where q∞1 , q
∞
2 denote the left and
right projection functors from V∞ ×B∗ V∞ to V∞ respectively.
V∞ ×B∗ V∞ V∞ V∞ ×B∗ V∞ V∞
V∞ B
∗ V∞ B
∗
∗∞
q∞
1
s∞
s∞
∗∞
t∞q
∞
2
sk+1
The main construction: The definition
Let B be a decorated bicategory. We will denote by QB the pair formed by
the decoration B∗ of B and the category V∞ associated to B. The follow-
ing theorem says that we can endow the pair QB with the structure of a
globularily generated double category.
Theorem 3.16. Let B be a decorated bicategory. The pair QB together with
functors s∞, t∞, i, the functor ∗∞, and the collection of left and right identity
transformations, and associator of B, is a double category. Moreover, with
this structure, the double cateogry QB, is globularily generated.
Proof. Let B be a decorated bicategory. We wish to prove in this case that
the pair QB, together with the functors s∞, t∞, i, the functor ∗∞, and the
collection of left and right identity transformations and associator of B is a
globularily generated double category.
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The formal horizontal identity functor i and the horizontal composition
functor ∗∞ are compatible with the functors s∞ and t∞ by corollary 3.15.
The collections of left identity transformations and right identity transforma-
tions of B form a natural transformation from ∗∞(is∞×idV∞) to the identity
endofunctor idV∞ of V∞ and a natural transformation from ∗∞(idV∞×it∞) to
the identity endofunctor idV∞ of V∞ respectively by the fact that morphisms
in V∞ satisfy relation 4 in the definition of R∞. The collection of associators
of B forms a natural transformation from the composition ∗∞(∗∞ × idV∞)
to the composition ∗∞(idV∞ × ∗∞) by the fact that morphisms in V∞ sat-
isfy relation 5 in the definition of R∞. The left and right identity and the
associator relations for QB again follow from the fact that morphisms in
V∞ satisfy relations 4 and 5 in the definition of R∞. The fact that the
pair formed by the functor i and functor ∗ satisfies Mc Lane’s triangle and
pentagon relations with respect to the left and right identity transforma-
tions and associator follows from the fact that the components of the left
and right identity transformations and associator satisfy mcLane’s axioms
for the bicategory B. This proves that QB with the structure described is a
double category. A straightforward induction argument proves that for every
positive integer k every morphism of Vk is globularily generated in QB, from
which it follows that the double category QB is globularily generated. This
concludes the proof of the theorem. 
Definition 3.17. Let B be a decorated bicategory. We call the globularily
generated double category QB the free globularily generated double category
associated to B.
When free globularily generated double categories of different decorated bi-
categories are being considered we will write each decorated bicategory as
a superindex for all the structure involved in the free globularily generated
double category associated to it e.g. We will write sB∞, t
B
∞, ∗
B
∞, •
B
∞, i
B for
the double category structure of the free double category QB associated to
a decorated bicategory B. The same convention will apply to every piece
of structure involved in the free globularily generated double category con-
struction.
Examples
We present the globularily generated double category construction performed
in a couple of examples of decorated bicategories.
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Trivially decorated bicategories: Let B be a bicategory. We consider B
as a trivially decorated bicategory. In that case the only vertical morphisms
in B are identity endomorphisms. It follows that every formal horizontal
identity in the free globularily generated double category QB associated to B
is a globular morphism in B. From this and from the fact that the collection
of globular morphisms in B is clearly closed under vertical and horizontal
composition operations in QB it follows that the free globularily generated
double category QB associated to B is equal to B. Observe that in this
case for every positive integer k the collection HBk is equal to the collection
HB1 and the category V
B
k is equal to the category V
B
1 . Finally, observe that
in this case the decorated horizontalization H∗QB of the free globularily
generated double category QB associated to B is equal to B, that is, the
free globularily generated double category QB associated to the trivially
decorated bicategory B is an internalization of B.
Decorated bicategory: 2mZ/2ZZ/2Z: We write mZ/2Z for the single ob-
ject monoidal category associated to the group Z/2Z. The category mZ/2Z
has a single object whose monoid of endomorphisms is Z/2Z. The compo-
sition and the tensor product of morphisms in mZ/2Z are both given by
product operation in Z/2Z. The exchange property follows, in this case
from the commutativity of the product operation in Z/2Z. We write B for
the decorated bicategory 2mZ/2ZZ/2Z associated to the monoidal category
mZ/2Z, decorated by mZ/2Z. The decorated bicategory B has in this case
a single object a, two vertical morphisms which we denote by 1 and -1, 1
denoting the identity endomorphism of a, and a single horizontal morphism,
the horizontal identity endomorphism ida of a. The decorated bicategory B
has two globular morphisms which we denote by 1 and -1, 1 denoting the
identity endomorphism of horizontal identity endomorphism ida of a. The
collection EB1 associated to B thus has three morphisms, namely 1, -1, and
the formal horizontal identity i−1 of the vertical morphism −1. The category
V B1 has the horizontal identity ida of the object a as the single object with
the free product Z/2Z ∗Z/2Z as monoid of endomorphisms, with the globu-
lar morphism -1 and the formal horizontal identity id−1 of -1 as generators.
Now, the endomorphism (−1) •∞ i−1 •∞ (−1) of the horizontal identity en-
domorphism id−1 of -1 is globular in the free globularily generated double
category QB associated to B but it is not a globular morphism in B. This
proves, on the one hand that the collections HB1 and H
QB
1 are different and
thus the horizontal filtration of QB and the free horizontal filtration asso-
ciated to B are different, and on the other hand that the free globularily
generated double category QB associated to B is not an internalization of B.
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4 The canonical double projection
In this section we present the canonical double projection construction. We
associate a double functor from the free globularily generated double cate-
gory associated to a decorated bicategory to any of its globularily generated
internalizations. We prove that this double functor is uniquely determined
by a certain set of properties and that its morphism functor is full. We inter-
pret this by saying that the canonical double projection canonically provides
every globularily generated internalization of a decorated bicategory with
the structure of quotient of its free globularily generated double category,
that is, we interpret the existence of the free globularily generated double
category and the canonical projection double functor as a generators and re-
lations presentation of globularily generated internalizations. The following
is the main theorem of this section.
Theorem 4.1. Let B be a decorated bicategory. Let C be a globularily gen-
erated double category. Suppose C is an internalization of B. In that case
there exists a unique double functor piC : QB → C such that restriction of the
decorated horizontalization H∗piC of piC to B is equal to the identity endob-
ifunctor idB on the bicategory underlying B and to the identity endofunctor
on the decoration B∗ of B. The morphism functor of the double bifunctor piC
is full.
Given a globularily generated internalization C of a decorated bicategory
B we call the double functor piC defined in the previous proposition, the
canonical double projection associated to C. We divide the proof of theorem
4.1 in several steps. We begin by proving the existence part of theorem 4.1.
We proceed in a similar way as we did with the free globularily generated
double cateogry construction in section 3 i.e. we construct the canonical
projection double functor by first performing an inductive procedure and
then by taking the appropriate limits.
Existence
Notation 4.2. Let C be a double category. We denote by qC the function
from the collection of evaluations HomC1s,t of the collection of 2-morphisms
HomC1 of C with respect to the morphism functions of the source and target
functors s, t of C to the collection of 2-morphisms HomC1 of C such that for
every evaluation Φ of a compatible sequence Ψ1, ...,Ψk of 2-morphisms in C,
the image qCΦ of Φ under qC equals the horizontal composition in C of the
2-morphisms Ψ1, ...,Ψk following the parenthesis pattern defining Φ.
28
Lemma 4.3. Let B be a decorated bicategory. Let C be a globularily gener-
ated double category. Suppose C is an internalization of B. In that case there
exists a pair, formed by a sequence of functions Epi
C
k : E
B
k → HomC1 and a
sequence of functors F pi
C
k : F
B
k → C1, with k running through the collection
of all positive integers, such that the following conditions are satisfied
1. The restriction of the function Epi
C
1 , to the collection G
B of glubular
morphisms of B and the horizontal identities of vertical morphisms of
B, is equal to the identity function idGB of G
B.
2. For every pair of positive integers m,k such that m is less than or equal
to k the restriction of the function Epi
C
k to the collection of morphisms
of the category FBm is equal to the morphism function of the functor
F pi
C
m , and the restriction to the collection E
B
m of the morphism function
of the functor F pi
C
k is equal to the function E
piC
m .
3. The following two triangles commute for every positive integer k
EBk HomC1 E
B
k HomC1
B1 B1
Epi
C
k
dk
dom
Epi
C
k
ck
codom
4. The following two triangles commute for every positive integer k
EBk HomC1 E
B
k HomC1
HomB∗ HomB∗
Epi
C
k
sk+1
s
Epi
C
k
tk+1
t
5. The following two triangles commute for every positive integer k
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FBk C1 F
B
k C1
B∗ B∗
Fpi
C
k
sk+1
s
Fpi
C
k
tk+1
t
6. The following square commutes for every positive integer k
EBk ×HomB∗
EBk HomC1 ×HomB∗
HomC1
EBk HomC1
Epi
C
k × E
piC
k
∗k
Epi
C
k
∗
Moreover, conditions 1-5 above determine the pair of sequences Epi
C
k and
F pi
C
k .
Proof. Let B be a decorated bicategory. Let C be a globularily generated
double category. Suppose C is an internalization of B. We wish to construct
a sequence of functions Epi
C
k from the collection E
B
k to the collection of
morphisms HomC1 of the morphism category C1 of C, and a sequence of
functors F pi
C
k from the category F
B
k to the morphism category C1 of C with
k running through the collection of all positive integers, in such a way that
the pair of sequences Epi
C
k and F
piC
k satisfies conditions 1-6 of the lemma.
We proceed inductively on k. We begin with the definition of the function
Epi
C
1 . Observe first that from the fact that C is an internalization of B it fol-
lows that the collection of vertical morphisms of B is equal to the collection
of vertical morphisms of C. There is thus an obvious identification between
the collection of formal horizontal identities of the vertical morphisms of B
and the collection of horizontal identities of vertical morphisms of C. We use
this identification and consider the collection of formal horizontal identities
of vertical morphisms of B and the collection of horizontal identities of ver-
tical morphisms of C as being the same. Observe that the fact that C is an
internalization of B also implies that the collection of globular morphisms of
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B is equal to the collection of globular morphisms of C. The collection GB
defining the collection EB1 of morphisms of V
B
∞ is thus equal to the collection
of fundamental generators GC of the globularily genrated double category
C. We make the function Epi
C
1 to be equal to the composition q
Cµid
GB
,idB∗
of function µid
GB
,idB∗ associated to the pair idGB , idB∗ and function q
C as-
sociated to the double category C. Thus defined Epi
C
1 is a function from
the collection EB1 to the collection of morphisms HomC1 of the morphism
category C1 of C. Moreover, from the way it was defined it follows that the
function Epi
C
1 satisfies condition 1 and conditions 3-5 of the lemma. We now
define the functor F pi
C
1 as follows: Observe first that from the fact that C is
an internalization of B it follows that the collection of horizontal morphisms
of B is equal to the collection of horizontal morphisms of C. We make the
object function of the functor F pi
C
1 to be equal to the identity function idB1
of the collection of horizontal morphisms B1 of B. From the fact that the
function Epi
C
1 satisfies condition 3 of the lemma and from the fact that E
B
1
freely generates FB1 with respect to the pair of functions d
B
1 , c
B
1 it follows
that there exists a unique extension of Epi
C
1 to a functor from the category
FB1 to the morphism category C1 of C. We make F
piC
1 to be this extension.
Thus defined F pi
C
1 trivially satisfies condition 2 of the lemma with respect to
the function Epi
C
1 . The fact that the functor F
piC
1 satisfies condition 5 of the
lemma follows from the fact that the function Epi
C
1 satisfies condition 4 and
from the functoriality of s2 and s.
Let k be a positive integer strictly greater than 1. Assume now that for
every positive integer m strictly less than k the function Epi
C
m from the collec-
tion EBm to the collection of morphisms HomC1 of the morphism category C1
of C and the functor F pi
C
m from the category F
B
m to the morphism category
C1 of C have been defined, in such a way that the pair of sequences E
piC
m and
F pi
C
m with m running through the collection of positive integers strictly less
than k satisfies the conditions 1-6 of the lemma. We now construct function
Epi
C
k from the collection E
B
k to the collection of morphisms HomC1 of the
category of morphisms C1 of C and the functor F
piC
k from the category F
B
k
to the category of morphisms C1 of C such that the pair E
piC
k and F
piC
k sat-
isfies conditions 1-6 of the lemma with respect to the pair of sequences Epi
C
m
and F pi
C
m with m running through the collection of positive integers strictly
less than k.
We first define the function Epi
C
k . From the assumption that the functor
F pi
C
k−1 satisfies condition 5 of the lemma it follows that the function µFpiC
k−1
,idB∗
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is well defined. We make Epi
C
k to be the composition q
Cµ
Fpi
C
k−1,idB∗
of function
µ
Fpi
C
k−1
,idB∗
associated to the pair F pi
C
k−1, idB∗ and the function q
C associated to
C. Thus defined Epi
C
k is a function from the collection E
B
k to the collection
of morphisms HomC1 of the morphism category C1 of C. From the way it
was defined it is clear that the function Epi
C
k satisfies conditions 4 and 6
of the lemma. From the induction hypothesis it follows that Epi
C
k satisfies
conditions 1 and 2. The function Epi
C
k satisfies condition 3 of the lemma by
the fact that it satisfies condition 2 and by the functoriality of F pi
C
k−1. We now
define the functor F pi
C
k . By the fact that the function E
piC
k satisfies condition
3 of the lemma it follows that there is a unique extension of Epi
C
k to a functor
from FBk to C1. We make F
piC
k to be this functor. Thus defined F
piC
k satisfies
condition 2 of the lemma. This follows from the way F pi
C
k was constructed
and from the fact that condition 2 is already satisfied by the function Epi
C
k .
From the fact that Epi
C
k satisfies condition 4 it follows that the functor F
piC
k
satisfies condition 5 of the lemma. We have thus constructed, recursively, a
pair of sequences Epi
C
k and F
piC
k satisfying the conditions of the lemma. This
concludes the proof. 
Observation 4.4. Let B be a decorated bicategory. Condition 2 of lemma
4.3 implies that for every pair of positive integers m,k such that m is less
than or equal to k the restriction of the function Epi
C
k to the collection E
B
m
is equal to the function Epi
C
m and that the restriction of the functor F
piC
k to
the category FBm is equal to the functor F
piC
m .
Notation 4.5. Let B be a decorated bicategory. Let C be a globularily gen-
erated double category. Suppose C is an internalization of B. In that case we
write Epi
C
∞ for the limit lim−→
Epi
C
k in Set of the sequence E
piC
k . Thus defined
Epi
C
∞ is a function from E
B
∞ to the collection of 2-morphisms HomC1 of C.
Moreover, we write F pi
C
∞ for the limit lim−→
F pi
C
k of the sequence F
piC
k . Thus
defined F pi
C
∞ is a functor from the category F
B
∞ to the morphism category
C1 of the double category C. The function E
piC
∞ is equal to the morphism
function of the functor F pi
C
∞ .
The following lemma follows directly from lemma 4.3 and observation 4.4.
Lemma 4.6. Let B be a decorated bicategory. Let C be a globularily gener-
ated double category. Suppose C is an internalization of B. In that case the
functions Epi
C
∞ and F
piC
∞ associated to C satisfy the following conditions
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1. For every positive integer k the restriction of the function Epi
C
∞ to the
collection of morphisms of the category FBk is equal to the function
Epi
C
k . The restriction of the functor F
piC
k to category F
B
k is equal to the
functor F pi
C
k .
2. The following two triangles commute
FB∞ C1 F
B
∞ C1
B∗ B∗
Fpi
C
∞
s∞
s
Fpi
C
∞
t∞
t
3. The following triangle commutes
EB∞ ×HomB∗
EB∞ HomC1 ×HomB∗
HomC1
EB∞ HomC1
Epi
C
∞ × E
piC
∞
∗∞
Epi
C
∞
∗
Lemma 4.7. Let B be a decorated bicategory. Let C be a globularily gener-
ated double category. Suppose C is an internalization of B. In that case the
functor F pi
C
∞ associated to C is compatible with R∞.
Proof. Let B be a decorated bicategory. Let C be a globularily generated
double category. Suppose C is an internalization of B. We wish to prove that
the functor F pi
C
∞ associated to C is compatible with R∞. The compatibility
of F pi
C
∞ with respect to relation 1 in the definition of R∞ follows from the
functoriality of F pi
C
∞ together with the fact that F
piC
∞ satisfies conditions 5
and 6 of lemma 3.2.
We now prove that the functor F pi
C
∞ is compatible with relation 2 in
the definition of R∞. Let first Φ and Ψ be globular morphisms of B such
that the pair Φ,Ψ is compatible with respect to the domain and codomain
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functions d∞ and c∞ of F
B
∞. In that case the image F
piC
∞ Ψ•∞Φ of the vertical
composition Ψ•∞Φ of Φ and Ψ under the functor F
piC
∞ is equal to the image
F pi
C
1 Ψ •∞ Ψ of the composition Ψ •∞ Φ under the functor F
piC
1 , which is,
by the functoriality of F pi
C
1 equal to the composition F
piC
1 Ψ • F
piC
1 Φ in C of
F pi
C
1 Φ and F
piC
1 Ψ, which is equal, by the definition of F
piC
1 to the vertical
composition Ψ•Φ of Φ and Ψ in C. Now, the image F pi
C
∞ Ψ•Φ of the vertical
composition Ψ • Φ in B of Φ and Ψ under the functor F pi
C
∞ is equal to the
image Epi
C
1 Ψ •Φ of the composition Ψ •Φ under the function E
piC
1 , which is
equal, by the way the function Epi
C
1 was defined, to the vertical composition
Ψ •Φ of Φ and Ψ in C. The functor F pi
C
∞ is thus compatible with respect to
relation 2 in the definition of R∞ when restricted to the globular morphisms
of B. Let now α and β be vertical morphisms of B such that the pair α, β is
composable in the decoration B∗ of B. In that case the image F pi
C
∞ iβ •∞ iα
of the vertical composition iβ •∞ iα of the horizontal identities iα and iβ of
α and β under the functor F pi
C
∞ is equal to the image F
piC
1 iβ •∞ iα of the
composition iβ •∞ iα under the functor F
piC
1 , which is equal to the vertical
composition F pi
C
1 iβ •F
piC
1 iβ, in C, of F
piC
1 iα and F
piC
1 iβ . This is equal, again
by the definition of F pi
C
1 , to the vertical composition iβ•iα of iα and iβ. Now,
the image F pi
C
∞ iβα of the formal horizontal identity iβα of the composition
βα of α and β under the functor F pi
C
∞ is equal to the image E
piC
1 iβα of iβα
under the function Epi
C
1 which is, by the way the function E
piC
1 was defined,
equal to the horizontal identity iβα of βα in C, that is, the image F
piC
∞ iβα of
iβα under the functor F
piC
∞ is equal to the vertical composition iβ • iα of iα
and iβ in C. We conclude that the functor F
piC
∞ is compatible with relation
2 in the definition of R∞ when restricted to formal horizontal identities and
thus the functor F pi
C
∞ is compatible with relation 2 in the definition of R∞.
We now prove that the functor F pi
C
∞ is compatible with relation 3 in the
definition of R∞. Let Φ and Ψ be globular morphisms in B such that the
pair Φ,Ψ is compatible with respect to the functors s∞ and t∞. In that case
the image F pi
C
∞ Ψ∗∞Φ of the concatenation Ψ∗∞Φ under F
piC
∞ is equal to the
image Epi
C
1 Ψ ∗1 Φ of the concatenation Ψ ∗1 Φ in E
B
1 of Φ and Ψ under E
piC
1 .
This is equal, by the fact that Epi
C
1 satisfies condition 6 of lemma 4.3, to
the horizontal composition Epi
C
1 Ψ ∗ E
piC
1 Φ of E
piC
1 Φ and E
piC
1 Ψ in C, which,
by the definition of Epi
C
1 is equal to the horizontal composition Ψ ∗ Φ of Φ
and Ψ in B. Now, the image F pi
C
∞ Ψ ∗Ψ of the horizontal composition Ψ ∗Φ
of Φ and Ψ in B under the functor F pi
C
∞ is equal to the image E
piC
1 Φ ∗ Ψ
of the horizontal composition Ψ ∗ Φ in B under the function Epi
C
1 . This is
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equal, again by the way the function Epi
C
1 was defined, to the horizontal
composition Ψ ∗ Φ of Φ and Ψ in B. We conclude that the functor F pi
C
∞ is
compatible with relation 3 in the definition of R∞.
Finally, the compatibility of F pi
C
∞ with relations 4 and 5 in the definition
of R∞ follows from conditions 3 and 5 of proposition 3.2 and from the fact
that the identity decorated endofunctor idB of B carries left and right identity
transformations to left and right identity transformations and associators to
associators. This concludes the proof of the lemma.

Notation 4.8. Let B be a decorated bicategory. Let C be a globularily gen-
erated double category. Suppose C is an internalization of B. We will write
V pi
C
∞ for the functor from V
B
∞ to the morphism category C1 of C induced by
F pi
C
∞ and R
B
∞. We write H
piC
∞ for the morphism function of V
piC
∞ .
The proof of the following lemma follows directly from lemma 4.6 by taking
limits.
Lemma 4.9. Let B be a decorated bicategory. Let C be a globularily gen-
erated double category. Suppose C is an internalization of B. In that case
V pi
C
∞ satisfies the following conditions.
1. The following two triangles commute
V B∞ C1 V
B
∞ C1
B∗ B∗
V pi
C
∞
s∞
s
V pi
C
∞
t∞
t
2. The following triangle commutes for every positive integer k
V B∞ ×B∗ V
B
∞ C1 ×B∗ C1
V B∞ C1
V pi
C
∞ × V
piC
∞
∗∞
V pi
C
∞
∗
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We now prove the existence part of theorem 1.
Proof of existence: Let B be a decorated bicategory. Let C be a globu-
larily generated double category. Suppose C is an internalization of B. We
wish to construct a double functor piC : QB → C from the free globularily
generated double category QB associated to B to C such that the decorated
horizontalization H∗piC is equal to the identity decorated endobifunctor idB
of B.
We make the double functor piC associated to C to be equal to the pair
(idB∗ , V
piC
∞ ) formed by the identity endofunctor idB∗ of the decoration B
∗ of
B and the functor V pi
C
∞ constructed above. The pair pi
C is a double functor
from QB to C by lemma 4.9 and by the fact that it clearly intertwines the
formal identity functor i∞ in QB and the identity functor i in C. The fact
that the restriction of the decorated horizontalization H∗piC of piC to GB is
equal to the identity decorated endobifunctor idB of B follows directly from
the way the functor V pi
C
∞ was defined. This concludes the proof. 
Definition 4.10. Let B be a decorated bicategory. Let C be a globularily
generated double category. Suppose C is an internalization of B. We call the
double functor piC defined in the above proof the canonical double projection
associated to the globularily generated internalization C of B.
Fullness
We now prove fullness part of theorem 4.1. We begin with the following
lemma.
Lemma 4.11. Let B be a decorated bicategory. Let C be a globularily gen-
erated double category. Suppose C is an internalization of B. Let k be a
positive integer. In that case the image, under the morphism function Hpi
C
∞
of V pi
C
∞ , of the collection H
B
k is equal to the k-th term H
C
k of the horizontal
filtration of C. Moreover, the image category of the restriction to V Bk of V
piC
∞
is equal to the k-th term V Ck of the vertical filtration associated to C.
Proof. Let B be a decorated bicategory. Let C be a globularily generated
double category. Suppose C is an internalization of B. Let k be a positive
integer. We wish to prove that the image, under the morphism function
Hpi
C
∞ of the canonical projection pi
C associated to C, of the subset HBk of
the collection of morphisms HB∞ of QB is equal to the k-th term H
C
k of
the horizontal filtration of C. Moreover, we wish to prove that the image
category of the restriction to subcategory V Bk of the morphism category V
B
∞,
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of the free globularily generated double category QB associated to B, of the
morphism functor V pi
C
∞ of the canonical projection pi
C associated to C, is
equal to the k-th term V Ck of the vertical filtration associated to C. We
proceed by induction on k.
We prove first that the image, under the function Hpi
C
∞ , of the collection
HB1 is equal to the first term H
C
1 of the horizontal filtration of C. From the
fact that the collection HB1 is contained in the first term H
QB
1 of the horizon-
tal filtration of the free globularily generated double category QB associated
to B, and from the fact that piC is a double functor, it follows that the im-
age, under HB∞, of the collection H
B
1 , is contained in the first term H
C
1 of
the horizontal filtration associated to C. Now, the function Hpi
C
∞ acts as the
identity function when restricted to the collection GB of globular morphisms
of B and the horizontal identities of vertical morphisms of B. It follows,
from this, from the fact that function Hpi
C
∞ satisfies condition 2 of lemma
4.9, and from the fact that the collection HC1 is the collection of horizontal
composition of elements of GB, that the image of HB1 under H
B
∞ contains the
collection HC1 . We conclude that the image, under the morphism function
Hpi
C
∞ of the morphism functor V
piC
∞ of the canonical projection pi
C associated
to C, of the collection HB1 is equal to the first term H
C
1 of the horizontal
filtration of C. We now prove that the image category of the category V B1
associated to B, under the morphism functor V pi
C
∞ of the projection pi
C , is
equal to the first term V C1 of the vertical filtration of C. From the previous
argument, and from the fact that the functor V pi
C
∞ satisfies condition 2 of
lemma 4.9 it follows that the image, under the functor V pi
C
∞ , of the collec-
tion HB1 of generators of the category V
B
1 , is equal to the collection H
C
1 of
generators of the first term V C1 of the vertical filtration of C. This, together
with the fact that V pi
C
∞ is a functor, implies that the image category of V
piC
1
under V pi
C
∞ is precisely V
C
1 .
Let now k be a positive integer strictly greater than 1. Suppose that for
every positive integer m strictly less than k, the image of HBm under H
piC
∞ is
equal to HCm and that the image category of V
B
m , under V
piC
∞ , is equal to V
C
m .
We now prove that the image, under Hpi
C
∞ , of H
B
k is precisely the k-th term
HCk of the horizontal filtration of C. From the fact that H
B
k is contained in
the k-th term HQBk of the horizontal filtration of QB and from the fact that
piC is a double functor it follows that the image, under Hpi
C
∞ is contained in
the k-th term HCk of the horizontal filtration of C. Now, since the function
Hpi
C
∞ satisfies condition 1 of proposition 4.6, the induction hypothesis implies
that the image, under Hpi
C
∞ , of the collection of morphisms HomV Bk−1
of the
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category V Bk−1 is precisely the collection of morphisms HomV Ck−1
of the k− 1-
th term V Ck−1 of the vertical filtration of C. It follows, from this, from the
fact that Hpi
C
∞ satisfies condition 2 of lemma 4.9 and from the fact that every
morphism in HCk is the horizontal composition of a composable sequence
of morphisms in HomV C
k−1
that the image, under Hpi
C
∞ , of H
B
k contain H
C
k .
We thus conclude that the image, under Hpi
C
∞ , of H
B
k is equal to the k-th
term HCk of the horizontal filtration of C. Finally, we prove that the image
category, under V pi
C
∞ , of V
B
k is precisely the k-th term V
C
k of the vertical
filtration associated to C. From the previous argument and from the fact
that the functor V pi
C
∞ satisfies condition 3 of proposition 4.3 it follows that
the image of the collection HBk of generators of V
B
k under V
piC
∞ is equal to
the collection HCk of generators of V
C
k . This, together with the functoriality
of V pi
C
k implies that the image category of the restriction, to V
B
k , of the
morphism functor V pi
C
∞ of the canonical projection pi
C associated to C, is
equal to the n-th term V Ck of the vertical filtration of C. This concludes the
proof. 
We now prove the fullness part of theorem 1.
Proof of fullness: Let B be a decorated bicategory. Let C be a globu-
larily generated double category. Suppose C is an internalization of B. We
wish to prove, in this case, that the morphism functor V pi
C
∞ of the canonical
projection piC associated to C is full.
Let k be a positive integer. In that case the restriction, to the subcategory
V Bk of the morphism category V
B
∞ of the free globularily generated double
category QB associated to B, of the functor V
piC
∞ defines, by lemma 4.11, a
functor from the category V Bk to the k-th term V
C
k of the vertical filtration
of the double category C. We denote this functor by V˜ pi
C
k . The fact that
the functor V pi
C
∞ satisfies condition 1 of proposition 4.6 implies that for every
pair of integers m,k such thatm is less than or equal to k, the functor V˜ pi
C
m is
equal to the restriction, to V˜ Bm , of the functor V˜
piC
k . The sequence of functors
V˜ pi
C
k is thus a direct system in the 2-category Cat of categories. The functor
V pi
C
∞ is equal to the limit lim−→
V˜ pi
C
k in Cat of the direct system V˜
piC
k . This,
together with the fact, following lemma 4.11, that the functor V˜ pi
C
k is full for
every positive integer k completes the proof of the proposition. 
We interpret this part of theorem 1 by saying that although the free globu-
larily generated double category QB of a given decorated bicategory B may
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not always be an internalization of B, it projects onto every globularily gen-
erated internalization of B. We now prove the uniqueness part of theorem
1.
Uniqueness of the canonical projection
We begin the proof the uniqueness part of theorem 1 by extending the no-
tation used in the proof of the fullness part of theorem 1 above.
Notation 4.12. Let B be a decorated bicategory. Let C be a globularily
generated double category. Let T : QB → C be a double functor. Let k be
a positive integer. We denote by H˜Tk the restriction, to the subset H
B
k of
the collection of morphisms HB∞ of the category of morphisms V
B
∞ of QB, of
HTk . Thus defined H˜
T
k is a function from H
B
k to H
C
k . We denote by V˜
T
k the
restriction, to the subcategory V Bk of V
B
∞, of the functor V
T
k . Thus defined V˜
T
k
is a functor from the category V Bk to the k-th vertical category V
C
k associated
to C.
Lemma 4.13. Let B be a decorated bicategory. Let C be a globularily gener-
ated double category. Let T,L : QB → C be double functors. If the functions
H˜T1 and H˜
L
1 associated to T and L respectively are equal, then for every pos-
itive integer k the functions H˜Tk and H˜
L
k are equal and functors V˜
T
k and V˜
L
k
are equal.
Proof. Let B be a decorated bicategory. Let C be a globularily generated
double category. Let T,L : QB → C be double functors. Let k be a positive
integer. Suppose that the functions H˜T1 and H˜
L
1 associated to T and L
respectively are equal. We wish to prove, in that case, that the functions
H˜Tk and H˜
L
k are equal and that the functors V˜
T
k and V˜
L
k are equal.
We proceed by induction on k. We first prove that V˜ T1 and V˜
L
1 are equal.
Observe first that the restriction of the morphism function of V˜ T1 to H
B
1 is
equal to the function H˜T1 and that the restriction of the morphism function of
V˜ L1 to H
B
1 is equal to H˜
L
1 . From this and from the assumption of the lemma
it follows that the restriction of the morphism functions of V˜ T1 and V˜
L
1 to
HB1 are equal. We conclude, from this, from the fact that H
B
1 generates V
B
1 ,
and from the functoriality of V˜ T1 and V˜
L
1 , that V˜
T
1 and V˜
L
1 are equal.
Let now k be a positive integer strictly greater than 1. Suppose that for
every positive integer m strictly less than k the functions H˜Tm and H˜
L
m are
equal and that the functors V˜ Tm and V˜
L
m are equal. We now prove that the
functions H˜Tk and H˜
L
k are equal. Observe first that the restriction of H˜
T
k to
HomV B
k−1
is equal to the morphism function of V˜ Tk−1 and that the restriction
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of H˜Lk to HomV Bk−1
is equal to the morphism function of the functor V˜ Lk−1.
From this, from the induction hypothesis, and from the fact that both T
and L are double functors it follows that the functions H˜Tk and H˜
L
k are
equal. We now prove that V˜ Tk and V˜
L
k are equal. Observe again that the
restriction of the morphism function of V˜ Tk to H
B
k is equal to H˜
T
k and that
the restriction of the morphism function of V˜ Lk to H
B
k is equal to H˜
L
k . From
this, from the previous argument, from the fact that HBk generates V
B
k , and
from the functoriality of V˜ Tk and V˜
L
k it follows that V˜
T
k and V˜
L
k are equal.
This concludes the proof. 
Given a double functor T : QB → C from the free globularily generated
double category associated to a decorated bicategory B to a globularily gen-
erated double category C, it is a straightforward observation that the mor-
phism functor T1 of T is equal to the limit lim−→
V˜ Tk of the sequence V˜
T
k . This,
together with lemma 4.13 implies the following proposition. We interpret
this by saying that a double functor with domain a free globularily gen-
erated double category is completely determined by its value on globular
morphisms.
Proposition 4.14. Let B be a decorated bicategory. Let C be a globularily
gnerated double category. Let T,L : QB → C be double functors. If the
functions H˜T1 and H˜
L
1 are equal then the morphism functors T1 and L1 of T
and L are equal.
The uniqueness part of theorem 4.1 follows directly from the above proposi-
tion.
5 Conclusions
We interpret the fullness part of Theorem 4.1 by saying that every globularily
generated internalization of a decorated bicategory B could be interpreted
as a quotient of the free globularily generated dobule category QB associ-
ated to B via the canonical projection. We interpret the uniqueness part of
theorem 1 by saying that in this case the choice of canonical projections as
projection is canonical. We interpret the results of this paper by saying that
every globularily generated internalization C of a decorated bicategory B
admits a canonical generators and relations presentation. Generators being
2-morphisms of QB and relations being encoded by the canonical projection
piC . We expect generators and relations presentations of globularily gener-
ated internalizations to provide information on the problem of existence of
40
internalizations for [W ∗] decorated by not-necessarily finite von Neumann
algebra morphisms. We will explore these ideas in further papers.
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